This paper reveals the latency errors in the manufacturing and assembly of the toroidal drive and integrates these errors in the coordinate systems and the mathematical models of the meshing equations for the conjugate surfaces between the planet wormgear and the sun-worm and between the planet worm-gear and the stationary internal toroidal gear. The paper further develops the tooth profile model and the contact curves with the latency errors and examines the error effect on the helix model and the helix lead angle model. In addition, two kinds of limit curve model and the induced normal curvature models are further derived. This provides a comprehensive study of error effect on the meshing characteristics of the novel drive.
Introduction
The novel epicyclical gear drive system, toroidal drive, was introduced by Kuehnle [1] in 1966. It is composed of (a) a central input sun-worm, (b) a number of planet worm-gears, (c) a stationary internal toroidal gear with toroidal-shaped teeth, (d) a central output planet carrier, and (e) a number of meshing rollers (in this paper, ballrollers are taken into consider). It is a combination of a circular enveloping worm drive and an epicyclical gear drive and its schematic structure is depicted in Fig. 1 . When it works, sun-worm is the driving element, and planet worm-gears are the driven element. The rollers distribute evenly around the reference circle of the planet worm-gear completing the meshing of the planet worm-gear with the sun-worm and the stationary internal gear. Because of its advantages of a large horsepower-to-weight ratio, a wide range of transmission ratio, noiselessness, compactness and high operating efficiency, toroidal drive has aroused researching interests among gear researchers. Indeed, many achievements have been obtained theoretically and practically. Kuehnle et al. [2] produced the first prototype in the world and invented a patented machine which can produce a finished stationary internal gear from a raw disk. In addition, Peeken et al. designed a reducer of the toroidal drive and implemented contact stress analysis [3] [4] [5] [6] . During Notation a 0 central distance of the toroidal drive ρ radius of the meshing rollers r 2 radius of the planet worm-gears at reference circle u parametric variable of a meshing roller v parametric variable of a meshing roller ϕ 1 rotation angel of the sun-worm about k 1 ϕ 2 rotation angle of the a planet worm-gear about k 2 ϕ 3 rotation angle of the stationary internal toroidal gear about k 3 ω 1 angular velocity of the sun-worm ω 2 angular velocity of a planet worm-gear ω 3 angular velocity of the stationary internal toroidal gear i 21 drive ratio of meshing between the planet worm-gear and the sun-worm i 23 drive ratio of meshing between the planet worm-gear and the stationary internal toroidal gear x 0 , y 0 , z 0 coordinate components of a roller motion profile in meshing roller movable coordinate system S 0 x 2 , y 2 , z 2 coordinate components of a roller motion profile in planet worm-gear movable coordinate system S 2 x 1 , y 1 , z 1 coordinate components of the sun-worm tooth profile in sun-worm movable coordinate system S 1 x 3 , y 3 , z 3 coordinate components of the stationary internal toroidal gear tooth profile in internal gear movable coordinate system S 3 n x2 , n y2 , n z2 coordinate components of unit normal vector n 2 in movable coordinate system S 2 the same period, Cieniak and Clahsen [7, 8] proposed a novel method for calculating toroidal tooth profile of the stationary internal gear and introduced its milling machine principle. Afterwards, Tooten [9] developed a method determining the nonuniform distribution of load along the contact line on the planet worm-gear tooth surface. There were no reports on toroidal drive until later 1990s. Yao et al. [10, 11] developed the meshing equations of the toroidal drive and derived equations of the sun-worm and stationary internal gear surface, contact curves, limit curves and induced normal curvature between the mating surfaces. It is proved that the contact curves in the generating surface between a planet worm-gear and the sun-worm and that between a planet worm-gear and the stationary internal gear are circles passing through the vertex point of meshing ball and there is no undercutting on tooth profiles. Further, the machining of the internal toroidal gear by fly blade was put forward and the comparison of machining accuracy was carried out [12, 13] . Contemporaneously, Xu et al. [14, 15] investigated the contact stresses on the stationary internal gear and the sun-worm.
Whilst toroidal drive has many advantages, due to the complexity of the toroidal drive, manufacturing and assembly errors significantly influence its meshing characteristics. However, there is little research on error analysis for the toroidal drive, though a number of achievements in other types of drives on error analysis have been accomplished. Simon [16] investigated the influence of assembly errors including the running offset error, pinion's axial adjustment error and the pinion axis misalignments of hypoid gears. It was found that the load distribution and assembly errors lead to the increase of angular displacements of gear members and to the rise of angular velocity ratio variation in a meshing cycle. An approach was then presented for the determination of load sharing between the instantaneously engaged worm threads and the gear teeth, which is fit for obtaining the transmission errors in different types of cylindrical worm-gears [17] . In 1998, Du et al. [18] proposed a modified transmission error model for analyzing the effect on transmission error of tooth stiffness variation and developed a simulation program for transmission error computation with varying stiffness. With experiment being a tool to check the errors in gear transmission for the further error analysis, MacLennan [19] developed a method in experiment for analysing the influence of profiles errors load-sharing capabilities and meshing stiffness of spur gears based on a static FEA method. The contact force and the transmission error were simulated for two spur gears with the known profile and pitch error. In 2001, Chen and Wang [20] introduced an error compensation method in their computer simulation using a new bearing design adjusted by guide blocks and screws to compensate errors in a double circular-arc helical gear. Using Du's analysis results, in 2002, Litvin et al. [21] proposed an approach for the design of a one-stage planetary gear train with reduced transmission errors and localized bearing contact, which improved conditions of load distribution between planetary gears. The new geometry of gears in the one-stage planetary gear train was developed as a double-crowned tooth surface for planetary gears and screw involute tooth surface.
Thus, research on the error analysis in other types of drives provides a ground for research in toroidal drive. In order to bring the error analysis into the toroidal drive, this paper investigates the latency errors existing in the manufacturing and assembly processes, proposes the meshing coordinate system considering these errors, and develops the coordinate transformation of these errors. A mathematical model for the torioal drive based on manufacturing and assembly errors is then created. Finally, base on the mathematical model, influence caused by the errors on toroidal drive's meshing performance was characterized and analysed through computer calculation and simulation.
The latency errors
There are several latency errors existing in manufacturing, assembly of toroidal drive system. In this mathematical modelling and analysis, six typical latency errors are considered. (i) The centre-distance offset ∆a occurs in manufacturing process which is reflected in assembly as shown in Fig. 2 . The centre-distance offset is critical to the meshing process of toroidal drive system, because the tooth profiles of the sun-worm and the stationary internal gear are generated through the enveloping movement of the meshing rollers attached to the planet worm-gear bodies. For each planet worm-gear, there is an offset ∆a.
(ii) The sun-worm and the stationary internal toroidal gear lateral misalignment ∆w 1 and ∆w 2 exist in assembly as shown in Fig. 3(a) and (b). Their existence may influence the meshing property and loading capacity of toroidal drive. (iii) The planet worm-gear angular misalignment δ which exists due to the manufacturing errors of the planet carrier and is reflected in the assembly as illustrated Fig. 4 . Points a, b, c and d denote the ideal situation of the four planet worm-gears respectively. With the angular misalignment δ being considered, the planet worm-gears may be distributed away from their ideal locations. (iv) The roller radius error ∆ρ as shown in Fig. 5 for the manufacturing precision of the rollers is hard to be controlled. (v) The manufacturing errors in the reference circle radius ∆r 2 and the angular misalignment of rollers centre location δ 1 of the planet worm-gears as demonstrated in Fig. 6 .
The error impinged meshing model of toroidal drive

Coordinate systems of toroidal drive without error
Coordinate systems and their transformation [22] [23] [24] are fundamental for geometrical modelling and analysis. Excluding the errors revealed above, three sets of coordinate systems, denoted by subscripts 1, 2 and 3 are given describing the sun-worm, a planet worm-gear and the stationary internal gear, respectively. Coordinate systems which represent the meshing between a planet worm-gear and the sun-worm are illustrated in Fig. 7a . Similarly, coordinate systems for meshing between a planet worm-gear and the stationary internal gear are shown in Fig. 7b .
The coordinate system S 1 (i 1 , j 1 , k 1 ) is the reference frame which is fixed at the centre of the sun-worm, initially coincident with it. The body-fixed coordinate system S 1 (i 1 , j 2 , k 2 ) is embedded in the sum-worm and rotates with the sun-worm about the axis k 1 by the angle ϕ 1 with angular velocity ω 1 . The planet worm-gear coordinate system S 2 (i 2 , j 2 , k 2 ) is fixed at the centre of the planet worm-gear with fixed orientation. Movable coordinate system S 2 (i 2 , j 2 , k 2 ) is rigidly connected to the planet worm-gear and rotates about axis k 2 by angle ϕ 2 with angular velocity ω 2 . Further, the internal gear coordinate system S 3 (i 3 , j 3 , k 3 ) is attached to the stationary internal gear with fixed orientation. The inverted internal gear coordinate system S 3 (i 3 , j 3 , k 3 ) is attached to the stationary internal gear and rotates about the axis k 3 of the center of the stationary internal gear by an angle ϕ 3 and an angular velocity ω 3 . In Figs. 7a and 7b, a 0 represents the centre distance of toroidal drive. 
The error integrated coordinate systems
Introducingall the latency errors analysed above into the toroidal drive coordinate systems set up in Section 3.1, the error integrated toroidal drive coordinate systems are illustrated in Fig. 8 .
In Fig. 8 , coordinate system S w (i w , j w , k w ) is the reference frame involving the sun-worm or the stationary internal toroidal gear lateral misalignment ∆w 1 and ∆w 2 . Coordinate system S a (i a , j a , k a ) is the reference frame with both the centre-distance offset ∆a and the planet worm-gear angular misalignment δ been considered, which is fixed at the centre of the planet worm-gear.
The relationship between a planet worm-gear and a meshing spherical roller is indicated in Fig. 9 . Coordinate system S 0 (i 0 , j 0 , k 0 ) is the reference frame of the roller with the planet pitch circle radius error, ∆r 2 involved. Bodyfixed coordinate system S 0 (i 0 , j 0 , k 0 ) is rigidly connected to the roller involving the angular misalignment δ 1 of the roller location.
Because the meshing between a planet worm-gear and the stationary internal toroidal gear is the same as the meshing between a planet worm-gear and the sun-worm, the coordinate system between the stationary internal toroidal gear and a planet worm-gear can be obtained by substituting the subscripts "1" and "1 " for subscripts "3" and "3 " in Fig. 8 . 
Coordinate transformation
Based on the coordinate systems created above, the coordinate transformation of the toroidal drive coordinate systems is carried out as follows:
Roller to planet worm-gear coordinate system
We represent meshing point P on the surface of the spherical roller via vector r 0 in roller coordinate system S 0 , and represent it in planet worm-gear movable coordinate system S 2 as vector r 2 . The coordinate transformation from roller coordinate system S 0 to the planet worm-gear movable coordinate system S 2 is
where,
3.2.3. Planet worm-gear to sun-worm and stationary internal toroidal gear coordinate system Carrying the same approach as deducing the coordinate transformation matrix from roller coordinate system S 0 to a planet worm-gear movable coordinate system S 2 , the coordinate transformation matrices from a planet worm-gear movable coordinate system S 2 to the sun-worm movable coordinate system S 1 and from a planet worm-gear movable coordinate system S 2 to the stationary internal toroidal gear coordinate system S 3 can also be obtained as follows:
The generating surface
As shown in Fig. 9 , with the spherical roller radius error ∆ρ considered, we express the equation of the generating surface of a meshing roller in the roller coordinate system S 0 as follows:
where x 0 , y 0 , and z 0 represent the components of point P along the o i 0 , o j 0 and o k 0 axes respectively, and r 0 represents the vector. Through coordinate transformation matrix {2 } {0 } M, equation of the generating surface in the planet worm-gear movable coordinate system S 2 can be denoted as
where, x 2 , y 2 and z 2 represent the components of point P along the o 2 i 2 , o 2 j 2 and o 2 k 2 axes in planet worm-gear movable coordinate system S 2 , and r 2 represents the vector.
Error impinged meshing model
The essential condition of existence of the enveloping surface Σ 1 generated by the meshing roller surface Σ 2 is represented by the equation of meshing [11, 25] as
where, Σ 1 is the sun-worm tooth surface, Σ 2 is the planet worm-gear tooth surface, vector n 2 is the unit normal vector at contact point of the conjugate surface between meshing roller and the sun-worm tooth profile in the planet worm-gear movable coordinate system S 2 , vector v (2 1 ) is the relative velocity vector between generating surface and the sun-worm. Unit normal vector n 2 is represented as follows:
Taking differentiation of Eq. (5) with respect to u and v, and substituting components of
∂u and
∂v into Eq. (7), it yields,
Considering that the direction and magnitude of the sun-worm angular velocity ω 1 and the planet worm-gear angular velocity ω 2 are determined and their relative location relationship is shown in Fig. 8 . Velocity ratio between the sunworm and a planet worm-gear is represented as i 21 = |ω 2 |/|ω 1 | = ϕ 2 /ϕ 1 . Assumed that |ω 1 | = 1, which yields |ω 2 | = i 21 . Based on gear meshing theory [27] the relative velocity vector v (2 1 ) can be represented as follows:
The first term of Eq. (9) ω (2 1 ) is the relative angular velocity between the planet worm-gear and the sun-worm. In a coordinate system S 2 there exist the following equations:
The second term of Eq. (9) ξ is the error impinged centre-distance and in a coordinate system S 1 , it can be described as
as shown in Fig. 8 , this central-distance can be transformed to coordinate system S 2 via coordinate transformation matrix {1 } {2 } M and it is represented in S 2 as follows:
When Eqs. (10) and (11) were substituted in the second term of Eq. (9), it follows that
Generally, once the manufacturing and assembling of the machine are finished, the manufacturing and assembly errors are fixed at the same time. In this case, all the coordinate systems mentioned above are fixed too. As coordinate systems S 1 , S 2 and S 3 are all fixed at the centre of the rotating axes of the sun-worm, a planet worm-gear and the stationary internal gear, according to [27] , the third term of Eq. (9) will be,
Substituting Eqs. (10), (13) and (14) into Eq. (9), it yields
Substituting Eqs. (8) and (15) into Eq. (6), the final expression of the meshing model of toroidal drive with latency errors can be represented as follows:
Solving Eq. (16), the equation of meshing and meshing function of conjugate surfaces Σ 1 and can be represented in coordinate system S 2 as
Similarly, the equation of meshing and meshing function of conjugate surfaces Σ 3 and Σ 2 can also be derived in coordinate system S 2 as follows:
where
4. Error influence in the meshing contact curve
Contact curve on planet worm-gear tooth surface
The mating surfaces Σ a and Σ b contact each other at every instant along a curve that is called contact curve or characteristic [26] . Thus, the contact curve on the generating surface of the meshing between a planet worm-gear and the sun-worm or the stationary internal gear can be can be obtained by assuring the meshing ball point on the generating surface fitting into the necessary condition of existence of the enveloping of the family of generating surfaces. Based on this, integrating the equation of generating surface and equation of meshing, the instantaneous contact line equations on a planet worm-gear tooth surface between a planet worm-gear and the sun-worm or the stationary internal toroidal gear can be represented as follows:
The instantaneous contact curve equation on the planet worm-gear tooth surface between the planet worm-gear and the sun-worm is The instantaneous contact curve equation on the planet worm-gear tooth surface between the planet worm-gear and the stationary internal toroidal gear is
Contact curve on the generating surface is determined by Eqs. (21) and (22). Substituting Eq. (5) into Eq. (21) or (22) , the contact curve on the generating surface is produced as indicated in Fig. 10 . As can be seen in the figure, the contact curve on the generating surface (the spherical roller surface) is a circle passing through the vertex point of the meshing ball.
4.2.
Influence of errors to contact curve between the planet worm-gear and the sun-worm on the planet worm-gear tooth surface
Influence of errors to contact curve in the meshing process can be analyzed by integrating the equations of contact curve (21) and (22) and a serial of errors mentioned in Section 2. By computer aided calculating and modelling, error effects on contact curves are analysed. Figs. 11-14 illustrate the sole influence of each error on the contact curve between the planet worm-gear and the sun-worm.
Only considering the effect of error ∆ρ with the other errors being ignored and taking ∆ρ = 0, 0.025 and 0.05 mm respectively, as shown in Fig. 11 , it can be seen that, with the increase of ∆ρ, the contact curve augments. This may result in uneven loading and incur fatigue of the meshing rollers.
Only taking error ∆r 2 into account, the effect on contact curve caused by ∆r 2 during the meshing process is illustrated in Fig. 12 . When ∆r 2 increases from 0 to 0.025 and to 0.05 mm, three different contact curve are obtained and with the value of error increasing, the contact curves move towards top right. This may result in assembly interference which will become worse as ∆r 2 increases.
It is assumed that all the errors equal to 0, except for the angular misalignment of rollers location δ 1 . In Fig. 13 , three contact curves are given with δ 1 equals to 0, 0.025 and 0.05 rad respectively. With the increasing of δ 1 , the contact curve offsets from its original location to one side of the spherical roller.
Similarly, as taking the planet worm-gear angular misalignment δ into consideration with the other errors been ignored. It is indicated in Fig. 14 that with error δ increasing from 0 to 0.05 rad, the contact curve rotates about some axis and excurse from its original location.
While only the centre distance offset ∆a and ∆w 1 being considered, almost no effect occurs on the contact curve. In case all the six latency errors are considered, their co-effect on the contact curve is illustrated in Fig. 15 . The meshing contact curve without errors is given in the figure as a comparison base. Two more curves are given with Carrying the same steps as the analysis of influence of errors to contact curve between the planet worm-gear and the sun-worm, the influences of each error to the contact curve between the planet worm gear and the stationary internal toroidal gear on the planet worm-gear tooth surface are analysed respectively. It gets to the results that errors ∆a, δ, ∆w 2 , ∆ρ and ∆r 2 nearly have no effect on the contact curve while error δ 1 makes a great one which causes the contact curve to slide to the left-and-down side as shown in Fig. 16 .
The compound effect of the errors is represented in Fig. 17 . Comparing the two contact curves with ∆ρ = 0.025, ∆r 2 = 0.025, δ 1 = 0.025, ∆a = 0.025, δ = 0.025, ∆w 2 = 0.025 and ∆ρ = 0.05, ∆r 2 = 0.05, δ 1 = 0.05, ∆a = 0.05, δ = 0.05, ∆w 2 = 0.05 respectively to meshing contact curve without errors, it is found that the errors lead the contact curve to offset left-and-down side. This may cause interference and loading unevenly in the meshing process.
Error integrated tooth profiles
Surfaces of the sun-worm and the stationary internal toroidal gear tooth profile
Meshing tooth profile is a key factor in the cutter design and in the measurement of gear manufacturing in toroidal shape. Based on gear meshing theory [27] , the tooth profile surfaces of the sun-worm and the stationary internal toroidal drive can be generated through the enveloping of contact curve series. Thus, equation of surface of the sunworm can be derived from equation of instantaneous contact curve on the planet worm-gear i.e. Eq. (21) through transformation matrix equation (2) , and represented in coordinate system S 1 as follows: that is,
Similarly, integrating transformation matrix equations (3) and (22), equation of surface of stationary internal toroidal gear can be represented in coordinate system S 3 as
Tooth profile of the sun-worm and stationary internal toroidal gear in their axial section
As shown in Fig. 18 , by setting up a coordinate system S a1 (i a1 , j a1 , k a1 ) which is rigidly connected to axial section plane T , the axial section of a tooth profile of the sun-worm and the internal gear can be obtained. With (i a1 , k a1 ) representing the vertical plane of the sun-worm axial section, the coordinate transformation from the sunworm movable coordinate system S 1 to coordinate system S a1 can be represented as follows:    x a1 = cos µx 1 − sin µy 1 y a1 = sin µx 1 + cos µy 1 z a1 = z 1 (25) where, µ is the angle of the axial section relative to the movable sun-worm system S 1 and (x a1 , y a1 , z a1 ) is the tooth profile coordinate point of the sun-worm in the coordinate system S 1 . In case y a1 = 0, the equation of axial section plane T can be obtained as
Eqs. (23), (25) and (26) yield equation of tooth profile of the sun-worm in its axial section plane is represented in coordinate system S 1 as
Similarly, the equation of tooth profile of the stationary internal toroidal gear in its axial section plane can be derived and represented in coordinated system S 3 as follow
Errors in meshing limit curves
Undercutting and meshing limit were determined by the two kinds of limit curves [27] , therefore, it is necessary that the two kinds of limit curves been studied.
Limit curve of the first kind
Limit curve of the first kind is also called the undercutting limit curve. It is the aggregate of the odd points on the meshing tooth surfaces. To avoid undercutting when cutting the tooth profiles of the sun-worm and the stationary internal toroidal gear, the generating surface must be limited with the undercutting limit curve. From [27] , function of limit curve of the first kind for meshing between a planet worm-gear and the sun-worm can be expressed as
where, v (2 1 ) is the same as Eq. (15),
can be derived by taking derivative of the generating surface in Eq. (5) and meshing function equation (18) with respect to meshing parameters u, v and time t as follows:
From gear meshing theory [27] , the other elements in Eq. (29) are represented as follows:
Eqs. (5), (15) and (30) yield,
Eqs. (5), (15) and (31) yield,
Substituting Eqs. (5) and (32)-(37) into Eq. (29), function of limit curve of the first kind for meshing between a planet worm-gear and the sun-worm can be obtained. Further, equation of the limit curve of the first kind is represented as follows:
where, x 2 , y 2 , z 2 are the same as Eq. (5) and Ψ is the same as Eq. (29).
Following the similar procedure used above, function of limit curve of the first kind for meshing between a planet worm-gear and the stationary internal toroidal gear is represented as
while Eqs. (5), (34) and (43)-(47) are substituted into Eq. (39), function of undercutting limit curve for meshing between a planet worm-gear and the stationary internal toroidal gear can be achieved. Meanwhile, equation of the undercutting limit curve is given as follows:
where, x 2 , y 2 , z 2 denote the same variables as Eq. (5) and Ψ is the same as Eq. (39).
Limit curve of the second kind
When the toroidal drive mechanism works, not all the points on the conjugate surfaces participate in the meshing process. In one instant, just one section of the tooth surfaces takes part in the meshing process. The meshing limit curve i.e. limit curve of the second kind, reveals the situation of whether the points on the contact curve of the meshing surface take part in meshing or not. Referring to [27] , equation of limit curve of the second kind for meshing between a planet worm-gear and the sun-worm can be represented as follows:
where, function of limit curve of the second kind is expressed as
Substituting Eqs. (5), (17) and (50) to Eq. (49) the meshing limit curve for the meshing between a planet worm-gear and the sun-worm is obtained as
Similarly, function of limit curve of the second kind and the limit curve of the second kind for meshing between a planet worm-gear and the stationary internal toroidal gear can be obtained
(53) 7. Error integrated helix and helix lead angle of the meshing surface
Error integrated helix model
The center of the sun-worm tooth coincides with a helix that gives the intersection curve of the sun-worm tooth profile and the revolving surface which rotates about the sun-worm axis. As shown in Fig. 19 , integrating the sun-worm tooth profile Eq. (23) with the sun-worm revolving surface equation, equation of the helix formed by the trajectory of the centre of a meshing ball at the reference circle of the planet worm-gear is given in coordinate system S 1 as Eq. (54).
where, (a 0 +∆a − x 2 1 + y 2 1 ) 2 + z 2 1 = (r 2 +∆r 2 ) 2 is the equation of the sun-worm revolving surface at the reference circle of a planet worm-gear. Taking the similar steps, equation of helix of the stationary internal toroidal gear on its reference circle can be derived and represented in coordinate system S 3 as follows:
where, (a 0 + ∆a − x 2 3 + y 2 3 ) 2 + z 2 3 = (r 2 + ∆r 2 ) 2 is the equation of the stationary internal toroidal gear revolving surface at the reference circle of a planet worm-gear.
Error impinged helix lead angle
As shown in Fig. 19 the helix lead angle of the sun-worm is defined as the angle between the tangent vector P T of a random point P 1 on the helix and the cross-section which passes through P 1 and perpendicular to the sun-worm axis.
Assuming that n 1 is the normal vector of point P 1 on the sun-worn surface and n b is the normal vector of point P 1 on the revolving surface, the tangent vector P T of the random point P 1 on the helix can be represented in coordinate system S 1 as
The normal vector of the planet worm-gear surface n 2 has already been obtained in Section 3.3 (Eq. (8)), via transformation matrix equation (2), the normal vector of the sun-worm n 1 can be obtained with respect to n 1 = {1 } {2 } Mn 2 as,
where, n x2 , n y2 , n z2 denote the same vectors as Eq. (8). In Section 7.1 (Eq. (54)), it is known that the equation of the revolving surface of the sun-worm is (a 0 + ∆a − x 2 1 + y 2 1 ) 2 + z 2 1 = (r 2 + ∆r 2 ) 2 , thus, the normal vector of the sun-worm revolving surface n b can be derived in coordinate system S 1 as follows:
Combining Eqs. (32) and (33), equation of the tangent vector P T is represented by equation
n y1 n z1 n bx1 n by1 n z1 = (n y1 n bz1 − n z1 n by1 )i 1 + (n z1 n bx1 − n x1 n bz1 )j 1 + (n x1 n by1 − n y1 n bx1 )k 1
or
Substituting Eqs. (8), (23), (57) and (58) 
Through the procedure that is similar to above, the helix lead angle of the stationary internal toroidal gear can be achieved as
A A 2 + B B 2 + CC 2 A A = (n y3 n bz3 − n z3 n by3 ) B B = (n z3 n bx3 − n x3 n bz3 ) CC = (n x3 n by3 − n y3 n bx3 )
where, n x2 , n y2 , n z2 are the same as Eq. (8), and x 3 , y 3 , z 3 can be obtained from the vector transformation as n 3 = {3 } {2 } Mn 2 .
Error influence helix lead angle
Helix lead angle is not constant but varies with the changing of the planet worm-gear rotation angle ϕ 2 . In order to analyse the effect of the errors to the helix lead angle, influences to helix lead angle caused by single error are analysed respectively in the first place. As shown in Figs. 20-23 , it can be seen that the helix lead angle increases when the planet worm-gear rotational angle ϕ 2 varies from two sides to the middle. The influence caused by sunworm lateral misalignment ∆w 1 is most serious and it leads to the reduction of the helix lead angle, as indicated in Fig. 20 , this may finally results in the interference and increase of friction between the sun-worm and the planet worm-gear during the meshing process. Roller radius error ∆ρ and centre distance offset ∆a also cause the reduction of the helix lead angle when the value of the errors increase as illustrated in Figs. 21 and 22 . The helix lead angle increases accompanying with the increasing of the planet worm-gear pitch circle radius error ∆r 2 as shown in Fig. 23 , however, angular misalignment of rollers location δ 1 and planet worm-gear angular misalignment δ almost have no influence on the helix lead angle.
When all the errors are considered, their influence to the helix lead angle is illustrated in Fig. 24 . It indicates that when the errors increase, the value of the helix lead angle reduces. In such a case, in the meshing process of the sun-worm and the planet worm-gear, interference may occur so that abrasion may be aggravated.
With the same method and steps in computer simulation, influences of errors to helix lead angle on reference circle of the stationary internal gear are analysed. It comes out that all the errors rarely have any influences on the helix lead angle, except for the stationary internal toroidal gear lateral misalignment ∆w 2 . It makes the helix lead angle decrease with the raising of its value as demonstrated in Fig. 25 . Fig. 26 inflects the influences caused by all the combination the errors. Through analysing, it comes to the conclusion that the stationary internal toroidal gear lateral misalignment ∆w 2 has the major influence in the meshing process of the planet worm-gear and the stationary internal toroidal gear. This will lead to the interference of the conjugate surfaces and finally results in the load uneven and friction between the planet worm-gear and the stationary internal toroidal gear. So in the assembly process special attention should be paid to reduce the lateral misalignment ∆w 2 .
Error in the induced normal curvature
The relative normal curvature between two conjugate surfaces is also called induced normal curvature. It is an important concept for conjugate surfaces both in theory and practice which can be used for evaluating contact properties and selecting the best suitable meshing parameters of a drive. Induced normal curvature is also essential in designing tooth surfaces, in the calculation of the strength of the gear, and the analysis of the contact regions of tooth surfaces, etc. It is proof that the lower the absolute value of induced normal curvature is, the better the attributes of transmission are [27] . The induced normal curvatures of the meshing between a planet worm-gear and the sun-worm and that between a planet worm-gear and the stationary internal toroidal gear are represented in Eqs. (63) and (64), respectively [27] .
where, the parameters D, Ψ , Φ, Φ (u) , Φ (v) , E, F, G, are the same as which in Section 6. Since induced normal curvature is an important concept in conjugate surface and an important parameter in gear design, it necessary that the influences of errors on the induced normal curvature of toroidal drive have been analysed.
Like the influences of errors on contact curve and helix lead angle were analysed before, similarly, in this section, the influences on the induced normal curvature between the planet worm-gear and the sun-worm caused by single error are analysed first, then, with all the errors involved, the influences on the induced normal curvature are also investigated.
The simulating results indicate that the roller radius error ∆ρcauses great influence to the induced normal curvature of meshing between a planet worm-gear and the sun-worm, while other errors nearly have no influence. In Fig. 27 , it can be seen that with the increasing of roller radius error ∆ρ, the absolute value of induced normal curvature decreases. What's more, In Fig. 28 , it is interesting to find that the induced normal curvature curves are almost the same as that of Fig. 27 . Thus, it can come to the conclusion that in the meshing process of the planet worm-gear with the sun-worm, the roller radius error ∆ρ has a major effect on the induced normal curvature that makes the induced normal curvature decrease.
Similarly, influences of errors on the induced normal curvature of meshing between a planet worm-gear and the stationary internal toroidal gear can be investigated. Fig. 29 shows that roller radius error ∆ρ has a great influence on the induced normal curvature, while Fig. 30 indicates that planet worm-gear pitch circle radius error ∆r 2 has a gentle impact on the induced normal curvature. Both of them lead to the reduction of the absolute value of the induced normal curvature when their values increase.
Other errors, i.e. δ 1 , ∆a, δ and ∆w 2 almost cause no influences on the induced normal curvature of meshing between the planet worm-gear and the stationary internal toroidal gear. Fig. 31 illustrates the induced normal curvature of meshing between the planet worm-gear and the stationary internal toroidal gear influenced by all the errors. It is can be seen clearly that with the curve containing ∆ρ = 0, ∆r 2 = 0, δ 1 = 0, ∆a = 0, δ = 0 and ∆w 2 = 0 as a reference, when ∆ρ = 0.025, ∆r 2 = 0.025, δ 1 = 0.025, ∆a = 0.025, δ = 0.025, ∆w 2 = 0.025 and ∆ρ = 0.05, ∆r 2 = 0.05, δ 1 = 0.05, ∆a = 0.05, δ = 0.05, ∆w 2 = 0.05 the absolute value of induced normal curvatures decrease with the increasing of the errors values.
From the above analysis, we can find that the roller radius error ∆ρ has a significant influence on the induced normal curvature. Further, when the values of all the errors increase, the value of the induced normal curvature of meshing between a planet worm-gear and the sun-worm and that of meshing between a planet worm-gear and the stationary internal toroidal gear decrease. This is good to the toroidal drive meshing performance. However, with influences caused by errors on contact curves, helix lead angles and induced normal curvatures considered synthetically, it is better that, when manufacturing and assembling the toroidal drive, all the latency errors be reduced to the least.
Conclusions
This paper for the first time revealed the latency errors in the manufacturing and assembly of the toroidal drive and proposed an error impinged meshing model of the toroidal drive. Based on the coordinate transformation and the setting of coordinate frames that taking into account of latency errors, the paper examined all of the contact curves, undercutting limit curves and tooth profile models. The helix model and the helix lead angle model which play an important role in manufacturing the drives have been further investigated based on the previous error analysis. This paper hence developed a completed set of models that give meshing characteristics and that integrate the manufacturing and assembly errors. This provides an important basis for the design and manufacture of the unique toroidal drive.
